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In this paper, an outsOurcing supply chain 
inventory model is developed for deteriorating 

items considering price dependent demand. This 

paper also considers the items deteriorating after 

a fixed time peiod called life time and taking 

incremental holding cost. Effect of inflation has 
also been taken into account. A comprehensive 

sensítivity has also been done for some 
parameters. Cost minimization technique is used 

to get the approximate expressions for total cost 

and outsourced quantity. 
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OPTIMAL OUTSOURCING 
POLICY FORA SUPPLY CHAIN 
MODEL WITH A FINITE 
REPLENISHMENT RATE, 
PRICE DEPENDENT DEMAND 
AND INCREMENTAL HOLDING 
COST UNDER INFLATION 

INTRODUCTION: 

Intense competition in today's economy, the shrinking life cycles 
of products, and the heightening expectations of customers 
have forced business enterprises to focus their attention on 
correctly controlling their supply chains. 

It is observed all over the world that outsourcing has become 

one of the most untapped and significant opportunity for gaining 
sustained competitive advantage for most supply chains. 
Outsourcing is increasingly considered as a value creation that 

can provide companies with a long-lasting competitive 

advantage. 
It has been evident for a long time that inventory control 

and the need for coordination of inventory decisions are 
important issues in the supply chain. One of the important 
concerns of the supply chain management is to decide when 
and how much to outsource or to manufacture so that the 

total cost associated with the inventory system should be 
minimum. This is somewhat more important, when the 
inventory undergo decay or deterioration. Various types of 
inventory models for items deteriorating at a constant rate were 
discussed by Roychowdhury and Chaudhuri (1983), 
Padmanabhan and Vrat (1995), Balkhi and Benkherouf (1996) 
and Yang (2005) etc. Most models that consider the 
deteriorating items are deteriorate from zero time. But this is 
not true in realistic, since each item deteriorate after fixed time 
period called life time. There are few models are developed in 
which 1ife time has been taken an important tactor. Hwang 
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and Hahn (2000), developed an optimal procurement 
policy for items with an inventory level dependent 
demand rate and fixed life timne. 

In the present competitive market, the selling 
price of an item is one of the decisive factors to the 
Customers. It is commonly seen that lesser selling 
price causes increase in the demand whereas higher 
selling price has the reverse effect. Hence, the 
demand of an item is dependent on the selling price 
of that item. Burwell et. al. (1997), developed 
economic lot size model for price-dependent demand 
under quantity and freight discounts. An inventory 
system of ameliorating items for price dependent 
demand rate was considered by Mondal, et. al (2003). 
You (2005), developed an inventory model with price 
and time dependent demand. 

In the storage of deteriorating and perishable 
items, the assumption that the holding cost is 
constant for the entire inventory cycle is particularly 
false. The longer these food products are kept in 
storage, the more sophisticated the storage facilities 
and services needed and therefore, the higher the 

holding cost. 
Giri et al. (1996), developed an EOQ model for 

deteriorating items with shortages, in which both 
the demand rate and the holding cost are continuous 
functions of time. Alfares (2007), developed an 
inventory model with stock dependent demand rate 
and variable holding cost. In this model, two type 
time dependent holding cost step functions are 
considered, retroactive holding cost increase and 
incremental holding cost increase. 

In the past, most work has been done by many 
authors under consideration negligible inflation. But 
in recent times many countries have been confronted 

with fluctuating inflation rates that often have been 
far from negligible level. The pioneer in this field was 
Buzancott (1975), who developed the first EOQ model 
taking inflation into account. Mishra (1979), first 
provided different inflation rates for various costs 
associated with an inventory system, under the 
assumption of constant demand. Bose et al. (1995) 
developed the EOQ inventory model under inflation 
and time discounting. Yang et al. (2001), provided 
an inventory models with time varying demand 
patterns under inflation. Yang (2004), considered a 
two-warehouse inventory problem for deteriorating 
items with constant demand rate under inflation. 

This paper discusses a model to determine an 
outsourcing policy for a supply chain under the 
influence of different decision criteria such as finite 
replenishment rate, price dependent demand rate, 
deterioration rate and time varying holding cost. The 
purpose of this research is to aid the manufacturer 
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in economically outsourcing the inventory, w where the decision is influenced by the time value of money and inflation. 

Assumptions and Notations: 

the present mathematical model of supply chain 
The following assumptions are made in developing 

system: 

T 

m 

C, 
C. 
b 

The following notations are made in developing the 
present mathematical models of the supply chain 
systemn: 

O(t) 

The replenishment of the outsourced units sstarts 
at a finite rate and stops where the inventory 
attains its maximum level. 

L(t) Inventory level at any time t, 0s, S1;, i=1, 
2, 3, 4. 

k 

The demand rate, D[s) is a linear, non-negative 
continuous, convex, decreasing function of th 
selling price, D(s) = a b(s), where a &b are 
both positive constants. 

R 

A single item is considered, which deteriorates 
after a fixed time period called life time. There is 
no replacement or repair of deteriorating items 

during the period under consideration. 
Lead time is zero. 

The replenishment rate p is finite and constant, 
where p> D(s). 

Varying holding cost is considered and it is 
applied to good units only. 
Shortages are fully backlogged. 

Variable rate of deterioration 
The time where the inventory attains its 

maximum level and replenishment stops. 
The life time of items and deterioration of the 

items is considered only after the life time of 
items and A(t) is the variable deterioration rate, 

s.t. 0(t) = t, 0 <<<1 
Maximum outsourced inventory level, after 
fulfilling backorders. 
Set up cost for each replenishment. 
Shortage cost. 
Holding cost during the life time. 
Holding cost during the period m, where m S 
the number of distinct time periods witn 
different holding rates after life time period i.e. 
during the period T,. 
Holding cost during the period n, where n S 
the number of distinct time periods WIe 
different holding rates during period 1, 
The inflation rate. 

Outsourced units 
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MODEL DEVELOPMENT: 
In this model, the manufacturer outsources the 
whole of its production. The replenishment of the 
outsourced units starts at time T, to build up the 
maximum inventory levelQ until time T, where the 
replenishment stops. During the period u, the 
inventory level is affected by demand and 
replenishment. After life time, i.e. during the period 
T, the inventory level changes due to replenishment, 
demand and deterioration. Due to reasons of demand 
and deterioration of items, the inventory level 
gradually diminishes during the period T, and 
ultimately falls to zero at time T,. T, is the period in 
which inventory level falls below zero and shortage 
starts to accumulate after which the replenishment 
is restarted to fulfill the demand and shortage. 

dt, 
dl, (4,) 
dt, 

The inventory can be described by the following differential equations: 

dl,(4;) 
dt, 

dt, 

=p-{a-bs), 

dl,(t3)a-bs) 
dt4 

+t1, (t,) =p-(a-bs), 

+ a,1,(t,) =-a-bs), 

dl,((4p -(a-bs) 
om equation (1), we have 

I,4,) =p-(a-bs), +G 

,(4)e 

L,4,)={p-(a-bs), 
From equation (2), we have 

-fp-fa-bsla 

Iventory 

.4)={p-(a -bs)e"4+u 

Leve! 
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I(t) 

6 

By applying the boundary condition I (0) = 0, the solution of the equation is given by 

0s1, sT, 

Fig 5.1: Graphical representatíon of inventory 
system 

0st, sT, 

0st,sT, 

0s,sT, 

By applying the boundary condition I, (u) =I,(0), the solution of the equation is given by 

T1 

0st, sT, 

Ta T4 

Ting 

..(1) 

..(2) 

...(3) 

...(4) 

...(5) 

..(6) 

..(7) 

85 



From the equation (3), we have 

I, (t, )e 

By applying the boundary condition, I,(T) = L(0) = Q, we have 

I,(4) =fa-bs"4,+o% 0st,sT, 
From equation (4), we have 

1,1,) =<á-bst, +c, 
By applying the boundary condition, L(0)=0, we have 

I,(,) =<a-bs, 
From equation (5), we have 
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1,4,)e 
By applying the boundary condition, I,(T) = 0.The solution of the equation is given by 

1,(,) ={p-(a-bs)Xt, -T,) 

Therefore from equation (8), we have 

Because the maximum inventory takes place at time T, , we have 

1,(4,) =-{a-bse" 

I, =1,)={p-(a-bs))eAT++4 

6 

+ 

The outsourced quantity for each cycle is given by 

0 

, t 

0 

0 

0 

6 

0 

6 

0st, sT, 

-(a-bs) +T, +T, +T, +T,-: 

T 

3 

0st,sT, 

- fa-bsdit, + [la-bskit, + fa-bskdt, + (a-bs)dt, + ((a -bs)di, 

3 

T 

T 

jaio-la-b) 

T 

0 

+tp-(a-bs)+ 2 2 

T 

2 

..(8) 

.(9) 

..(10) 

..(11) 

..(12) 

...(13) 
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Sine tht ordering is nAde A1 the beginning ot th yra the in@atior dnea not affect the srderin 
Therefore. 

OR C 

Holding ost {HD) is given by 

+l, fe RiuT,or, (t, )di, 

+(p-(u-bs )e 

(- Ri, Np-la-bs ),dt, + k, (0- Ru -Rr, Xp -(u - bsle 

2 

Optimization, Vol, 3, No. 1, 2010 

Rlns,(, dt, 

Mn,o'1, (t, )dt, +1, e R',(t, dt, + 

v (v,t, ) 

-(u-bs 

Rr, p-{u -bs} 

Ru -) 
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SH 

-}la-h -v,)-v,i-, } 
+Xp-(a- bs) 7,-+u- O-2Rut, -RT- Ru' v,-) 

Deteriorated cost (DE) is given by 

T 

j=l 

Shortage cost (SH) is given by 

T 

6 

T 

Ru- Ri, 

3 

2 

-lp-ta-b) 

2 

2 

3 

2 

6 2 

- RT, - R,)Xp-{a-bs)X, -T, kit,) 

2 

-RlurtT,7la,(1,)dt, 

6 

-(a-Ru - RI, � RT,- Rt, Xa - bs k,dt, + [(1-Ry- RT, - RT, 

|+(p-la-bs) 

-Rå -RI, -RT, - Rr,)-a-bo 

.(15) 

..(16) 
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TC (T,, T,, T,, T,, s) 

The present value of the total relevant cost during the cycle is the sum of the ordering cost (OR), the holaing 

cost (HD), the deteriorated cost (DE), the shortage cost (SH). 
One has 

= OR + HD + DE + SH 

oTC 

(1-Ru- RT, - RI, � RT;)�K 

oT, 
STC 

OTC _0 

aTC 

oTC 

Os 

6-vi--,e-(a-bs, 

-=0 

=0 

3 

=0 

=0 

-c,la-bs)-c,la-bs X(1 -Ru -RT, � RT,) 

=0 

3 

3 

3 

u- 2Ru, -RI;--Ru u, -v) 

+C,{p-(a-bs)}-Ru-RT, -RT; � RT, 

+Xk{p-(a-bs)}u- Ru Xo-) 

2 

6 
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i=l 

3 

Now the first order necessary conditions for TC (T,T,,T,,T, ,s) to be minimum are 

2 

2 
+ 

j=l 

3 
RT, | 

j=l 

Ru 

TT,T, 
2 

..(17) 

2 

..(18) 

....(19) 

...(20) 

...(21) 

...(22) 

...(23) 
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Equation (19) gives 
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Equation (20) gives 

-C,la-bs)-c,la-bs)K 

2 

- 0r;-ul,-2Ru - 2RT, -7 + 

T 
3 

G+hkp-(a-bo) 

-C,la-bs) 

Ryu' 

b-vc,o-(a-bo)) 

2 

RT 

3 

2 

2 

2 

3 

-C.lp-(a-bo)-Ru-RI, -RT, -RI)-R0 

+ 
2 

2 

-+(1-Ru-RI,-RT,) 

RT, 

2 

j=l 

Ru 

abl +2Rul; 

RT,)- =0 

2 

}k{p-(a-bs)u -RuXó -o) 

-2Rul, -RT;- Ru' w, -y)-
-T,T, - T, -

RT, 

2 

2 

6 

6 

2 

3 

2 

2 

-n-c,a-bo7(- Ru -RT, -RT,)RI,, RT 

j=l 

6 

-C,lp-la-bs)+(1-Ru-R+, -RT, -RT,0 
3 

6 

..(24) 

..(25) 
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Equation (21) gives 

G,+h{p-(a-bs)} 

Equation (22) gives 

- 2Rul,- RT, - Ru' w, 

(w;-v,d+c,le-la-b , , at, 9u-c,la-bu 

Rñ 

3 

3 

2 

2 

2 

3 

-Clp-(a-bs)-Rå- RT, - RT, -RT,) � 

+ 

3 

-C,la-bs M1-Rå - RT, � RT,)-(-Ru-RT, - RT, F, - RT, 
2 
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2 
+ 

i=l 

2 

2 

+ 

G,+Blp-(a-bs) |+}klp-(a-bs)u-Ru \e -é) 

2 

2 2 

6 

6 

RT. RT, =0 

-;-Ru la'-a.-ee-e}-`a-b) 

jal 

2 

-Ru li-vi)i-Vv,}o-la-bo), 

a-Ru-RT, -RI, -RI,-7,R0 

2 ul-2RuI, - RT- Ru' Xu,-v)|w-v) 

j=l 

RT] 

j=l 

2 

3 3 

orT,uT, + 

..(26) 

..(27) 
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Equation (23) gives 
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NUMERICAL ILLUSTRATIONS: 

Giptial soluion is 

-C,ta - bx)Cla-bs + b 0-Ru- RI, - RI,) 

.) 

3 

024 

sng software Matiab 7.0, the equations (24). (25). (26). (27) & (28) are solved and by substituting the values 
ofT,7, T,. T & s in equation (23), TC is obtained 

t thas secton, a numerical exampie is tested to show 
acuracy of the model and the solution procedure. 
The parameters quantities are. 

G.018 

"Cp a*bs -b}-0- Ru-R7, -RT, - RT, 

0.016 

-y,C{p-a+hs -b) 

RT, 

a S0, b- 9. C, Rs 200, h Rs. 3, k 

C - RS. i0, C, = RS. 12, = 0.02 unit, 
4, R 0.! Lunit 

T =1.75, T -2.G4, T, =0.89, T = 0.38, 

3.7445 

.75864 

12 

Î.75993 

2 

Tebie 1. Optimal saiution when the parameter is changed by 10% 

2.04000 

2.04013 

2.0462 

20497a 

T 

0.89090 

0.89312 

089948 

0.90099 

TC Rs.4239.76 

Outsourced quantity per order 1932 78 unats. 

SENSITIVTY ANALYSIS: 

2 

We will now study the sensitivity of the optimal 
solution to changes in the values of the different 
parameters associated with the inventory system n 
Example 1. The results are shown below The 
percentage cost increase (PCI) is 

T, 
0.37922 

0.38017 

0.38647 

0.38857 

PCI = 
TC- TC 

TC" 

31.65098 

30 99186 

30.65336 

30. 12665 

x100% 

4239.930 

4239.874 

4239 659 

(28) 

4239.60 

PCI 

002 
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The 
following points are noted from above table: 
Inventory period T,, T,, T, and T. decreases as 
deterioration rate increases. 

Table 2. Optimal solution when the parameter u is changed by 10% 

.48 

.44 

.36 

32 

R 

0.12 

0.11 

0.09 

0.08 

discuss. 

T 
1.77879 

1.762 12 

1.74804 

1.74108 
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